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1-Scalar and Vector Quantities
2- Dot and Cross Products

3- Coordinate Systems

+Cartesian Coordinates
+Cylindrical Coordinates

+ Spherical Coordinates
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Scalars and Vectors

+ Scalar refers to a quantity whose value may be represented by a

single (positive or negative) real number.

+ Some examples include distance, temperature, mass, density,
pressure, volume, and time.

Temperature: Every location has associated value (hnumber with units)

Current Temperatures
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Scalars and Vectors

+ A vector quantity has both a magnitude and a direction in space. We

especially concerned with two- and three-dimensional spaces only.

+ Displacement, velocity, acceleration, and force are examples of

vectors.

« Scalar notation: A or A (/talic or plain)
 Vector notation: A or A (bold or plain with arrow)
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Vector in Cartesian Coordinates

%
A vector A In Cartesian Coordinates may be represented by three
component vectors, which are A,, A,and A,.

—>

A=(A_A A )
OR

A =XA + YA, +ZA,

The magnitude of A Is written as |Al:

A=A’ +A7+AS




Unit Vectors

e A unit vector along vector A Is;
- A vector with magnitude = 1 (unity)

- Directed along the coordinate axes in the direction of
Increasing coordinate values




Unit Vectors

Unit vector In the direction of vector A IS




Example 1: Unit Vector

Specify the unit vector extending from the origin towards the point
G(2,-2,-1)
| Construct the vector extending from origin to point G
G=2%-2y—2

%
'] Find the magnitude of G

G|=~/(2 + (-2 +(-1f =3

L G _2, 2,1
° gl 3 373

(: — 0.667% —0.667Y — 0.3332 y
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Vector Algebra

e For addition and subtraction of A and B,

B

(b)) Head-to-tail rule

(a) Parallelogram rule
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Vector Algebra

Two vectors may be added graphically either by:

2- By beginning the second vector
from the head of the first and
completing the triangle; either
method is easily extended to three
or more vectors

(- y

1- Drawing both vectors from
a common origin and
completing the
parallelogram




Vector Algebra

Commutative Law A+B=B+A
Associative Law A+(B+C)=(A+B)+C

A-B=A+(-B)

A
n

ZA
n

A-B=0—>A=B




Example 2: Vector Algebra

If

A
B =

Find:

(a)
(b)

()

| =

10X — 4% + 62

2%+

The component of A along y

The magnitude of

N
A unit vector C along

3AB
R
A+ZB




Solution to Example 2

—>

A =10% — 4% + 62 B=2%+Y
% A
(a) The component of Aalong Y is
Ay =—4
oo A

—> >

3A—-B =3(10,—4,6)—(2,1,0)
—(30,-12,18)—(2,1,0)
—(28,-13,18)
@ = 28X —-13y +18z
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Solution to Example 2

- -
Hence, the magnitude of 3A— B is:

3A—B|=+/(28) +(—13) +(18)? =35.74

—> —> —>
(c) A unit vector C along A+2B

Let 6 = Z\+ 2 E
=(10,—-4,6)+(4,2,0)
= (14,-2,6)

@ =14X -2y + 62




Solution to Example 2

So, the unit vector along c3s:

. C_ (14,-2,6)
Cl  Jaay +(—2) +(6)
14 . 2 . 6 .

— X VY A Z
1536 15.36° 15.36
— 0.911% — 0.130y + 0.391%




Position and Distance Vectors

Position

Fosition relative to the
angin.

o

Distance

il

Vectors can indicate
distance, but the
arngin 1s not given.




Position and Distance Vectors

A point P in Cartesian coordinate maybe

represented as P(x,y,2) i ,
BN ‘/'( y

The position vector I'p of point P is the vector

to point P

%
rr- =0P =Xxa, +vya, +za,

%
rp =3a, +4a, + 93,
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Position and Distance Vectors

If we have two position

—> — b
vectors, o and r, , the Fo
_ ) j ., HHH rF'Q
third vector or aistance ./
- b ™
vector can be defined as.- / P
o I
—> - - 0




Example 3: Position Vectors

Point P and Q are located at (0,2,4) and (—3,1,5)
. Calculate:

(a) The position vector P
(b) The distance vector from P to Q
(c) The distance between P and Q
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Solution to Example 3

(a) The position vector of point P (0,2,4)
%

rp =0a, +2a, +4a, =2a, +4a,

(b) The distance vector from P to Q

—> - >

rPQ — FQ— rp
=(-3,15)-(0,2,4)
=—-3a, —ay, +a,




Solution to Example 3

(c)The distance between P and Q

_)
Sincel'pg is a distance vector, the distance between P and Q is

the magnitude of this distance vector.

d =|rpg| = /(- 3)% + (-1 + (1)? =3.317




Example 4

Given points M-1,2,1) and M3,-3,0), find the vector R,,,, and the

unit vector a,,,

Solution

Ry =(3a,—-3a,+0a,)—(-1a, +2a, +1a,)

Run 4a, —oa, —1a,
Ay = - 2 2 2
Run| /42 +(=5)% + (1)
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Multiplication of Vectors

—> —>
When two vectors Aand BRare multiplied, the result is either a
scalar or vector, depending on how they are multiplied.

Two types of multiplication:

%

- Scalar (or dot) product A e
%

A x

W| W\

- Vector (or cross) product
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The Dot Product

- Given two vectors A and B, the dot product, or scalar product, is
defines as the prouct of the magnitude of A, the magnitude of B, and

the cosine of the smaller angle between them:

A-B=|A||B|cos b,

- The dot product is a scalar, and it obeys the -

commutative law:

A-B=B-A

— Distributive Law

> [> > -> o> -5 - - —>
Ao£B+CJ:AOB+AOC A.A:AZZ‘A‘
(-




Dot Product in Cartesian

—> —>
The two vectors, Aand Bare said to be perpendicular or

orthogonal (90°) with each other If;
- -
AeB =0
Properties of dot product of unit vectors:

a,ea, =a,ea, =a,ea, = 1

a,ea, =a,ea,=a,*a, = ()
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Dot Product in Cartesian

® For any vector A — Aa, + Ayay + A aand
B=Ba,+Ba, +B,a, J—

Since the angle between two unit vectors of the Cartesian coordinate system is
, we then have: 90°

And thus, only three terms remain, giving finally:

A-B=AB,+AB +AB,
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The Dot Product

~ One of the most important applications of the dot product is that of

finding the component of a vector in a given direction.

B-a (B-a)a
» The scalar component of B in the direction of the unit vector a is B-a

* The vector component of B in the direction of the unit vector ais (B-a)a

- The geometrical term projection is also used with the dot product. Thus, B-a is
the projection of B in the a direction.




The Dot Product

Example
The three vertices of a triangle are located at A(6,-1,2),
B(-2,3,-4), and ((-3,1,5). Find: (a) R 45 (b) R46 (0 the angle
O;,4c at vertex A; () the vector projection of R ;5 0n R 4~

B
=(—2a,+3a,—-4a,)—(6a, —a,+2a,) =—-8a, +4a, —6a,
=(-3a,+1a, +5a,)—(6a, —a, +2a,) =-9a, +2a, +3a, ‘
QBA C
RAB ) RAC = ‘RABHRAC‘COSQBAC A
: —8a,+4a,6,—6a,)-(—9a, +2a,6 +3a
= COSGgpc = Rap Rac = ( - ! 2 - 2 ) = 62 =0.594
IR s[[Rac] ‘\/(—8)2 +(8)? +(-6)*|[J(-9* +(2? +(3)°|  |V116||\/o4]

= 0,,. =C0s *(0.594) =53.56°
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The Dot Product

Example
The three vertices of a triangle are located at A(6,-1,2),
B(-2,3,-4), and ((-3,1,5). Find: (a) R 45 (b) R46 (0 the angle
O;,4c at vertex A; () the vector projection of R ;5 0n R 4~

RAB on RAC :(RAB 'aAc)aAc

(—9a, +2a, +3a) (9a, +2a,+3a,)
=| (-8a,+4a, —6a,)

97+ @7+ | N9 + (27 + (3

62 (-9a,+2a,+3a,)
Joa Vo4

=-5.963a, +1.319a, +1.979%,




The Cross Product

Given two vectors A and B, the magnitude of the cross product, or
vector product, written as AxB, Is defined as the product of the
magnitude of A, the magnitude of B, and the sine of the smaller angle

between them.

AxB=nABsin AR

AxB=a, |A||B|sinb,,

Direction of s p@fpendicular
(90°) to the plane containing A and
B

(a) Cross product
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The Cross Product

The direction of AxB is perpendicular to the plane containing A and B

and is in the direction of advance of a right-handed screw as A is

turned into B.

AxB=a, |A|B|sing,, 1

AxB=nABsin AR

Direction of is p@l\pendicular

(90°) to the plane containing A and
B

(a) Cross product




The Cross Product

The cross product is all about area and calculating vectors that
are perpendicularto.4 and 5.

*:;,_fﬂrea — ‘E X E"

—

AxB=|4

‘B‘ sin fa,

a, is a unit vector perpendicular /

to the plane defined by A and B.




The Cross Product

Cross product obeys the following:
- It is not commutative (BxA)=—(AxB)
- (> -5 - - —>
- It is not associative Ax| BxC |#| AxB |xC
- (> -5 e
- Itis distributive Ax| B+C |=AxB+AxC
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Properties of Vector Product

‘Properties of cross product of unit vectors:

a, xa, =a,
a, xa,=a,
a,xa, =a,

Or bv usina cvcelic nermutation:




Cross product in Cartesian

The cross product of two vectors of Cartesian coordinate:
%
A=Aa,+Aa, + A3,

%
B=B,a,+Bya,+B,a,
yields the sum of nine simpler cross products, each involving two

unit vectors.
u a, Qx-? a,




Cross product in Cartesian

By using the properties of cross product, it gives

- >

AxB=(AB, - AB, Ja, +(AB, - AB,)a, +(AB, — AB R,

and be written in more easily remembered form:

L | oay a
AxB=|A A, A,
B, B, B,




The Cross Product

Example

Given A = 2a,~3a,ta, and B = -4a,~2a+5a,, find AxB.

AxB=(AB,—AB,)a, +(AB, —~AB,)a, +(AB,—AB,)a,
= ((-38) - 1(-2)a, +(O(4) - ()©))a, +((D(-2) - (-3)(-4))a,

=-—13a, —14a, —16a,




Coordinate Systems




Coordinate Systems

o Cartesian coordinates: .

e Circular Cylindrical coordinates: 1z l<{

(0, ¢. 2) 5

 Spherical coordinates: ¥

(r, g, ¢)
@ /
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1.2 Coordinate Systems

* In Electromagnetics, all the quantities are functions of space and time. In order to
describe the spatial. variations of the quantities, all the points in space must be
defined using an appropriate co-ordinate system.

« Although there are different co-ordinate systems available, the three well-known co-
ordinate systems are Cartesian (or rectangular) co-ordinates, circular cylindrical co-
ordinates and spherical coordinates.

1.2.1 The Cartesian or Rectangular Coordinate System

 Apoint ‘P’ is represented in Cartesian or rectangular co-ordinates as (X, Y, 2Z).

« From Fig. 1.1, it is known that any point in rectangular co-ordinate is the intersection
of three plane (i) constant X-plane (ii) constant Y-plane and (iii) constant Z-plane
which are mutually perpendicular. The range of the coordinate variables x, y and z are
—0 <X <o, —o<y<wgnd-o<z< o, _

« Avector in Cartesian co-ordinates a vector cah be written as (R,, R,, R,) or

F=Xa,+Yya,+z4a, or r=xX+yy+1zz (1.1)
where é éy and éz or ),Z,S\/ and 2

are unit vectors in the directions of x, y and z.

(- y
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4 1.2 Coordinate Systems (Continued)

1.2.1 The Cartesian or Rectangular Coordinate
System

In A right-handed coordinate system:

e The thump identify the x axis direction.

» The forefinger identify the y axis direction.
* The middle identify the z axis direction.

ax | a,

T
§ I \ ik
é / Vedume = dx dy o

X
. (a)
X (c)
Fig. 1.1 A right-handed rectangular coordinate system. (a) The component vectors X, y
and z of a vector r. (b) The unit vectors. (c) The differential volume elements dx, dy,

and dz.
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2 Coordinate Systems (Continued)
1.2.1 The Cartesian or Rectangular Coordinate System (Continued)

If we visualize three planes by intersecting at general point P as shown in Fig. 1.1(c),
whose coordinates x, y and z, we may increase each coordinate by a differential

amount and obtain three slightly displaced planes. We define the following quantities:

1. The differential length vector dl is given by: dx — éy
dl =dxa, +dya, +dza, Na
(1.2)

2. The differential area vectors dS are given by :
dS, = dxdya,
dS, = dydza, (1.3)
dS; = dzdxa,

3. The differential volume is dv (scalar value) given by :

dv = dxdydz

(1.4)

™~




4 1.2 Coordinate Systems (Continued) h

1.2.2 The Cylindrical Coordinate System

» The Cylindrical coordinate system (p, ¢, z) is shown in Fig. 1.2. Avector is repl_'ésented

in this system as: A
Ao, Ay (1.5)

F:pép+2éz \ /
i )

Z

S a A T Ly
a, k
— 5
% [
— b o
‘ F+ df e “ &
Z
¥ ¥ ik =
._:r?' ,;' = g :F
D / Lo ﬂ"--
™ p p+day
X’ ~ b X
(b) (c)

Fig. 1.2 A right-handed cylindrical coordinate system. (a) The relationship between
rectangular variables X, y, z and the cylindrical coordinate variables p, ¢, z. (b) The unit
vectors. (c) The differential volume elements d p, p d ¢ and dz.
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1.2 Coordinate Systems (Continued)
1.2.2 The Cylindrical Coordinate System (Continued)

define the following quantities:

2. The differential area vectors dsS are given by:

dSl — dppd¢ é.z
d§2 = pd¢d2ép
dS, =dzdp 4,

3. The differential volume is dv (scalar value) and given by:

dv = pdod¢dz

» A differential volume element in cylindrical coordinate may be obtained by increasing
p, & and z by the differential increments dp, d¢ and dz as shown in Fig. 1.2(c). We

1. The differential length vector dE given by: Ap — é.¢

dl =dpa,+ pdga,+dza, N

.
A" (16)

(1.7)

(1.8)

™~




4 1.2 Coordinate Systems (Continued) A

1.2.3 The Spherical Coordinate System

—

e The spherical coordinate system (r, 6, ¢) is shown in Fig. 1.3. A vector r is represented
in this system as:

F=ra, (1.9)
L
[
i I "
.'lllr /P l..l'.l
J i 1
y . - ¥
e N P
-
I -
X
(a) (b) (c)

Fig. 1.3 A right-handed spherical coordinate system. (a) Three spherical coordinate
variables r, 6 and ¢. (b) The unit vectors. (c) The differential volume element.
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.2 Coordinate Systems (Continued)

1.2.3 The Spherical Coordinate System (Continued)

» A differential volume element in spherical coordinate may be obtained by increasing r,

™~

0, and ¢ by the differential increments dr, d6 and d¢ as shown in Fig. 1.3(c). We define

the following quantities:

The differential length vector dl is given by: ar | ég
dl =dra,+rd@a,+rsin@ga, \a¢/ (1.10)

2. The differential area vectorsdS  are given by:
dS, =rdrd@a,
dS, =r’sinéd&dg 4, (1.12)
dS, =rsin&dgdr 4,

3. The differential volume is dv (scalar value) given by:

(1.12)

dv=r’sin@rdé&g




g 1.2 Coordinate Systems (Continued)

1.2.4 Relationship between the Rectangular and Cylindrical Coordinate Systems
(a) The Variables (x, y and z) versus (p, ¢, 2)

e As shown in Fig. 1.2, the variables of rectangular coordinate system (x, y and z) can

be written as functions of that of cylindrical coordinate systems (p, ¢ and z) as follows:
E

&

{1 sin g

X = pCOS¢

y=psing
L =7

* From the other viewpoint, we may express x¥
cylindrical variables (p, ¢ and z) in terms of (x, y and z) as follov

p=x+y’

(1.14)
¢ = tan‘l%

(1.13)
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g 1.2 Coordinate Systems (Continued)

1.2.5 Relationship between the Rectangular and Spherical Coordinate Systems

(a) The Variables (x, y and z) versus (r, 0, ¢)

e As shown in Fig. 1.3, the variables of rectangular coordinate system (x, y and z) can
be written as functions of that of spherical coordinate systems (r, 6 and ¢) as follows:

X =rSsIindcos¢

- - Z
y =rsinésing¢ (1.16)
Z=rcoséd SNl N

« From the other viewpoint, we may express cylindrical Jf’ / "-.I
variables (r, 0 and ¢) in terms of (x, y and z) as follows: ' S
r — ‘\/X2+ y2_|_ 22 i =5 - _-:--.____.-.r
2 4+ y A -
9 — —1 \/X X
tan V4 (1.14)
# = tan 2L
X




Thank, you for your attention

Dr. Moataz Elsherbini




